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Abstract. This is a sequel to the paper "The signature package on Witt 
spaces, I. Index classes" by the same authors. In the first part we investigated, 
via a parametrix construction, the regularity properties of the signature op- 
erator on a stratified Witt pseudomanifold, proving, in particular, that one 
can define a K-homology signature class. We also established the existence 
of an analytic index class for the signature operator twisted by a C*Y Mis- 
chenko bundle and proved that the K-homology signature class is mapped to 
the signature index class by the assembly map. In this paper we continue our 
study, showing that the signature index class is invariant under rational Witt 
bordisms and stratified homotopies. We are also able to identify this analytic 
class with the topological analogue of the Mischenko symmetric signature re- 
cently defined by Banagl. Finally, we define Witt-Novikov higher signatures 
and show that our analytic results imply a purely topological theorem, namely 
that the Witt-Novikov higher signatures are stratified homotopy invariants if 
the assembly map in K-theory is rationally injective. 
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1. Introduction 

This is the second of two papers devoted to what we have called the signature 
package on Witt spaces. For the benefit of the reader, we restate the statement of 
the signature package 0- 

Let X be an orientable Witt pseudomanifold with fundamental group T. We 
endow the regular part of X with an iterated conic metric g. Let X' be a Galois 
T-covering over X and r : X — > BY a classifying map for X' . The signature 
package for the pair (X, r : X — > BY) is the following list of results: 

(1) the signature operator defined by the iterated conic metric g with val- 
ues in the Mischcnko bundle r*EY Xp C*Y defines a signature index class 
Ind(5 sign ) £ K^(C*T), * = dimX mod 2; 

(2) the signature index class is a rational Witt bordism invariant; more precisely 
it defines a group homomorphism Q^iBY) -> K„(C*T) ® Q; 

(3) the signature index class is a stratified homotopy invariant; 

(4) there is a K-homology signature class [9 s ign] € K*(X) whose Chern char- 
acter is, rationally, the homology L-Class of a Witt space; 

(5) the assembly map f3 : K*(BY) — > K*{C*Y) sends the class r*[3 sign ] into 
Ind(S sign ); 

(6) using the homology L-class one can define Witt-Novikov higher signatures 
and if the assembly map is rationally injective these are stratified homotopy 
invariants. 

We label the full signature package the one decorated by the following item 

(7) There is a topologically defined C*-algebraic symmetric signature <Jq^ (X, r) 
G K*(C;Y); moreover o$}$(X,r) = Ind(B sig n) rationally. 

Our first paper was devoted to a detailed study of the analytic properties of 
the signature operator defined by an iterated conic metric on a Witt space. The 
results proved there establish, in particular, item 1), the first part of item 4) (i.e. 
the existence of a well defined K- homology class) as well as item 5). See the next 
Section for precise statements. In this second paper we will establish the rest of 
the (full) signature package. We shall use freely the notations of part I. 
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2. K-THEORY CLASSES DEFINED BY THE SIGNATURE OPERATOR 

In this Section we recall those results of Part 1 that are directly involved in the 
signature package. First of all, we have a K-homology signature class: 

Theorem 2.1. The signature operator 3 S i gn associated to a Witt space X endowed 
with an iterated conic metric g defines an unbounded Fredholm module for C(X) 
and thus a class [<3 s ign] G KK*(C(X),C), * = dimXmod2. Moreover, the class 
[<3sign] does not depend on the choice of iterated conic metric on X . 

Assume now that we are also given a continuous map r : X — > BT and let T — > 
X' — > X the Galois T-cover induced by ET — > BT. We consider the Mishchenko 
bundle 

C*T := CZT x X'. 

r 

and the signature operator with values in the restriction of C*T to X, which we 
denote by 3 s i gn - Our second result is Part 1 was the following theorem together 
with its corollary 

Theorem 2.2. The twisted signature operator 3 s i gn and the C*T -Rilbert module 
L| e r (X; 116 ApX) define an unbounded Kasparov (C, C*T)-bimodule and thus a class 
in KK*(<C,C*T) — K*(C*T). We call this the index class associated to d slgn and 
denote it by Ind(3 sign ) e K,(C*T). 

Moreover, if we denote by [[3 s i g n]] G KK*(C(X)®C*T, C*T) the class obtained from 
[3sign] S KK*(C(X), C) by tensoring with C*T, then Ind(S s i gn ) is equal to the Kas- 
parov product of the class defined by Mishchenko bundle [C*T] £ KKq(C, C{X) ® 

C*T) With [[S sign ]].- 

(2.1) Ind(g sign ) = [C*T] ® [[3si S n]] 

In particular, the index class Ind(<3 sign ) does not depend on the choice of the iterated 
conic metric. 

Corollary 2.3. Let (3 : K*(BT) — > K*(C*T) be the assembly map and r*[3 s i gn ] € 
if* (_Br) the push-forward of the signature K-homology class, then 

(2.2) /3(r*[S sign ]) - Ind(3 sign ) in K*{C*T). 

For the definition of the assembly map f3 see, for example, [T7] (p. 81). 

3. Witt bordism invariance 

Let Y be an oriented odd dimensional Witt space with boundary dY = X. We 
assume that Y is a smoothly stratified space having a product structure near its 
boundary. We endow Y with a conic iterated metric having a product structure near 
dY = X and inducing a conic iterated metric metric g on X. Consider a reference 
map r : Y — > Br, its restriction to X and g induce a C*T— linear signature operator 
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on X. In this Section only we shall be very precise and denote this operator by 
Theorem 3.1. We have Ind§ sign (X) = in K*{C;T) ® z Q. 

Proof. We follow [2J Section 4.3] and Higson pS] Theorem 5.1]. Denote by Y' -> Y 
and X' — > X the two T— coverings associated to the reference map r : Y — > Br. 

The analysis of [1] shows that the operator 3 s i gn (X) induces a class [3 s ign(^)] 
in the Kasparov group KK°(Co(dY), C*T). In terms of the constant map tt 9y : 
dY — > {pt}, one has: 

ind3 sign (x) = 7rf ? ([g sign (x)]) e M-°(c,c;r) ~ k°{c;t). 

Now let C a p(F) C C(Y) denote the ideal of continuous functions on Y vanishing 
on the boundary. Let i : dY — > Y denote the inclusion and consider the long exact 
sequence in KK(-,C*T) associated to the semisplit short exact sequence: 

(3.1) 0^C d? (Y) ^C{dY) ->0 

(see Blackadar [4] page 197]). In particular, we have the exactness of 

KK^Cgyi?),^) -i KK°(C{dY),C;r) ^ kk°(c{y),c;t) 

and thus i» o 5 = 0. Recall that the conic iterated metric on Y (with product 
structure near dY = X) allows us to define a C*T— linear twisted signature operator 
3sign on Y with coefficients in the bundle Y' Xp C*T — > F. This twisted signature 
operator allows us to define a class [9 S ign] £ if-ftr 1 (C a ^(F), C*T). 

Lemma 3.2. One has <5[9 s ign] = [2S s ign(-^Q]- 

Proof. Wc are using the proof of Theorem 5.1 of Higson [15]. We can replace Y by 
a collar neighborhood W (— [0, l[xdY). Consider the differential operator d : 

„■ d 



d 





-i4- o 

ax 



acting on [0, 1]. It defines a class in KK 1 (Co(0, 1),C*T). Recall that the Kasparov 
product [d] ® • induces an isomorphism: 

[d] <g> • : KK°(C(dY), C*T) -> iOf '(^(VF), CJT). 
As in |15j . the connecting map 5 : 

KK\C b9 {^),C^T) ^ KK°(C(dY),C* r T) 

is given by the inverse of [d] ® •. Denote by T>w the restriction of S s ign to W and 
recall that X = dY is even dimensional. Then one checks (using [15] and [24] page 
296]) that the KK— class [T>w] is equal to [d] (£> 2[9 s i gn (X)], and one finds that 
<5[£V] = 2[9 s ign(^0] which proves the result. □ 

Let ir Y : Y —> {pt} denote the constant map. By functoriality, one has: 
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Since i* o 6 = 0, the previous Lemma implies that: 

2Incig sign (X) = nf([2B sign (X)}) = wf o *([2V]) = Trf o i. o *([2V]) = 0. 
Therefore, Theorem 13. II is proved. □ 



We shall denote by 0* ltt,s (Br) the bordism group in the category of smoothly 
stratified oriented Witt spaces. This group is generated by the elements of the form 
[X,r : X — > BT] where [X,r : X — > Br] is equivalent to the zero element if X is 
the boundary of a smoothly stratified Witt oriented space Y (as in Theorem 13. ip 
such that the map r extends continuously to Y. It follows that the index map 

(3.2) of iu ' s (Br) -> A"»(CV*r) ® Q, 

sending [X, r : X — > Br] G 0* ltt ' s (Br) to the higher index class Ind(3 S ign) (for the 
twisting bundle r* ET x r C*Y), is well defined. As in the closed case, see |2B], it 
might be possible to refine this result and show that the index map actually defines 
a group homomorphism Of ,s (Br) -> if*(C*r) 

Recall that Sicgel's Witt-bordism groups f^ lU (Br) are given in terms of equiva- 
lence classes of pairs (X, u : X — > Br), with X a Witt space which is not necessarily 
smoothly stratified. 

We also recall that, working with PL spaces, Sullivan [28] has defined the notion 
of connected KO-Homology fco* (see also j27J page 1069]). Siegel [271 Chapter 4] 
has shown that the natural map f^°(Br) ® Z Q — > VL^'^^BT) <g> z (Q> is surjective by 
showing that the natural map f^°(Br) ® Z Q — > fco* (Br) ® Z Q is surjective and the 
Sicgel's natural map ([27]) Of iu (Br) ® Z Q^ fco* (Br) ® z Q is an isomorphism. 
We need to extend these results for the corresponding groups associated with the 
category of smoothly stratified spaces. 

Proposition 3.3. The natural map ttl°{BT) ® z Q -*■ ^"'"(Br) ® Z Q is swrjec- 
fiue. 

Proof. Theorem 4.4 of [27] is still valid (by inspection) if one works in the category 
of smoothly stratified oriented Witt spaces. Namely, if X is an irreducible smoothly 
stratified Witt space of even dimension > such that its signature w(X) = 0, then 
X is Witt cobordant to zero in the category of smoothly stratified Witt spaces. 
The arguments of [27] Chapter 4] show that the Siegel's natural map: 
Witt, s(jBr) 0z Q ^ fco* (Br) ® z Q 

is an isomorphism and, using the surjectivity of the natural map 

n s °(BT) ® z Q -> fco* (Br) ® z Q, 
one gets the Proposition. □ 

4. The homology L-class of a Witt space. Higher signatures. 

The homology L-class L*(X) £ B*(Jf,Q) of a Witt space X was defined in- 
dependently by Goresky and MacPherson [12], following ideas of Thorn [29], and 
by Cheeger [8]. See also Siegel [27] . In this paper we shall adopt the approach of 
Goresky and MacPherson. We briefly recall the definition: if X has dimension n, 
k € N is such that 2fc — 1 > n, and Af denotes the 'north pole' of E> k , one can show 
that the map a : Tf k {X) — > Z that associates to [/ : X — > S fe ] the Witt-signature 
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of / 1 (7V) is well defined and a group homomorphism. Now, by Serre's theorem, 
the Hurewicz map Tr k (X) <B> Q — > H k (X,Q) is an isomorphism for 2k — 1 > n 
and we can thus view the above homomorphism, a ® Hq, as a linear functional 
in Hom( J ff fe (X),Q) ~ H k (X,Q). This defines L k {X) E H k (X,Q). The restriction 
2k — 1 > n can be removed by crossing with a high dimensional sphere in the fol- 
lowing way. Choose a positive integer I such that 2(k + £) — 1 > n + £ and k + £ > n. 
Then by the above construction, L k +e (X x S e ) is well defined in H k +i{X x S^, Q). 
Since k + £ > n, the Kunneth Theorem shows that there is a natural isomorphism 
I : H k+i (X x S*,Q) -> H k (X,Q). One then defines: L fe (X) := I{L k+ i{X x 

Once we have a homology L-class we can define the higher signatures as follows. 

Definition 1. Let X be a Witt space and T :— 7Ti(M). Let r : X — > BT be a 

classifying map for the universal cover. The (Witt-Novikov) higher signatures of X 
are the collection of rational numbers: 

(4.1) {<a,nL*{X)>,aeH*(Br,®)} 

We set cr a (X) :=< a,r*L t (X) >. 

If X is an oriented closed compact manifold and r : X — > Bwi(X) is the classi- 
fying map, it is not difficult to show that 

< a, r*L. t {X) >=< L(X) U r*a, [X] >= J L(X) U r*a . 

Thus our definition is consistent with the usual definition of Novikov higher signa- 
tures in the closed case. 

The Novikov conjecture in the closed case is the statement that all the higher 
signatures {< L(X) U r*a, [X] > , a <E H*(BT, Q)} are homotopy invariants. 

The Novikov conjecture in the Witt case is the statement that the Witt-Novikov 
higher signatures {< a,r*i*(X) > , a e H*(BT,Q)} are stratified homotopy 
invariants. Notice that intersection homology is not a homotopy invariant theory; 
however, it is a stratified homotopy-invariant theory, see [10] . 

We shall need to relate the homology L-class of Gorcsky-MacPherson to the 
signature class [3 s i g n] £ K*(X). 

Theorem 4.1. (Cheeger/Moscovici-Wu) The topological homology L-class L*(X) 6 
.H*(Jf,Q) is the image, under the rationalized homology Chern character, of the sig- 
nature K-homology class [3 s ign]Q £ K*(X) ® Q; in formula 

(4.2) ch»[g aign ] Q = L.(X) m H.(X,Q>). 

This result is due to Chccger, who proved it for piecewise flat metric of conic 
type, and to Moscovici-Wu, who gave an alternative argument valid also for any 
metric quasi-isometric to such a metric [5], [23j . It is worth pointing out here 
that our metrics do belong to the class considered in [23]. Notice that Moscovici- 
Wu prove that the straight Chern character of [3 s ign]Q £ K*(X) <g> Q is equal to 
L*(X) £ H*(X, Q); the straight Chern character has values in Alexander-Spanier 
homology; the equality with L*(X) £ H*(X, Q) is obtained using the isomorphism 
between Alexander-Spanier and singular homology [23] . 



THE SIGNATURE PACKAGE ON WITT SPACES, II. 



7 



5. Stratified homotopy invariance of the index class: the analytic 

approach 

One key point in all the index theoretic proofs of the Novikov conjecture for 
closed oriented manifolds is the one stating the homotopy invariance of the signature 
index class in K^,(C*T). By this we mean that if r : X — > BY as above, / : X' — ► X 
is a smooth homotopy equivalence and r' := rof : X' — > BT, then the index class, in 
K*(C*T), associated to 5 s i gn (i.e., associated to the signature operator on X, 3 s i g n, 
twisted by r* EY x r C*T) is equal to the one associated to 9g ign (i.e., associated to 
the signature operator on X', cV ign , twisted by (r')*ET Xr C*T). There are two 
approaches to this fundamental result: 

(1) one proves analytically that Ind(S S i gn ) = Ind(5g ign ) in K*(C*T); 

(2) one proves that the index class is equal to an a priori homotopy invariant, 
the Mishchenko (C*-algebraic) symmetric signature. 

In this section we pursue the first of these approaches. We shall thus establish 
the stratified homotopy invariance of the index class on Witt spaces by following 
ideas from Hilsum-Skandalis [14] . where this property is proved for closed compact 
manifolds. See also [25l . 



5.1. Hilsum-Skandalis replacement of /. If X and Y are closed Riemannian 
manifolds, and / : X — > Y is a homotopy equivalence, it need not be the case 
that pull-back by / induces a bounded operator in L 2 . Indeed, suppose / is an 
embedding and 4> e is a function which equals 1 on the e tubular neighborhood of 
the image of X. The I/ 2 -norm of <fi e is bounded by Ce coAuav and hence tends to 
zero, while f*(j> e = 1 on X and so its L 2 norm is constant. Thus the closure of the 
graph of /*, say over piecewise constant functions, contains an element of the form 
(0, 1), and is not itself the graph of an operator. 

On the other hand, if / is a submersion, and the metric on X is a submersion 
metric, then /* clearly does induce a bounded operator on L 2 . Since the latter prop- 
erty is a quasi-isometry invariant, and any two metrics on X are quasi-isometric, it 
follows that pull-back by a submersion always induces a bounded operator in L . 

As one is often presented with a homotopy equivalence / and interested in prop- 
erties of L 2 spaces, it is useful to follow Hilsum and Skandalis [H| and replace 
pull-back by / by an operator that is bounded in L 2 . We refer to this operator as 
the HS replacement of /* and denote it HS(f). 

Such a map is constructed as follows. Consider a disk bundle iry ■ By — > Y 
and the associated pulled back bundle /*By by the map / : X — > Y. Denote by 
ttx ■ /*By — * X the induced projection. Then / admits a natural lift B(/) such 
that 

D(/) 



commutes. Moreover, we consider a (smooth) map e : By — > Y such that p = 
e o B(/) : /*By — > Y is a submersion, and a choice of Thorn form T for ttx- The 
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Hilsum-Skandalis replacement of /* is then the map 

H,s(f) = HSr.roYflrM) : c °°( y ; A *) c °°( x ' A *) 

Ml ^ (7T X )*(T A P *U) 

Notice that HS(f) induces a bounded map in L 2 because (e o D(/))* does. 

For example, as in [14], one can start with an embedding j : Y — > R N and a 
tubular neighborhood U of j(Y) such that j(£)+B C U, and then take = X xD, 
D y = Y x D, D(/) = / x id, and e«, v) = r« + v) where r : W -> Y is the 
projection. Alternately, one can take By to be the unit ball subbundlc of TY and 
e(C,v) = exp^£)(u). We will extend the latter approach to stratified manifolds. 

In any case, one can show that HS(f) is a suitable replacement for /*. Signifi- 
cantly, using HS(f) we will see that the K-theory classes induced by the signature 
operators of nomotopic stratified manifolds coincide. 

5.2. Stratified homotopy equivalences. Let X and Y denote stratified spaces, 
X and Y their regular parts, and S(X) and S(Y) the corresponding sets of strata. 
Following [10] and [T51 Def. 4.8.1 ff] we say that a map / : X — > Y is stratum 
preserving if 

5 £ 5(F) => f^iS) is a union of strata of X 
and codimension preserving if also 

codim/ - (5) = codimS*. 

We will say that a map is strongly stratum preserving if it is both stratum and 
codimension preserving. 

In these references, a stratum-preserving homotopy equivalence between strati- 
fied spaces is a strongly stratum preserving map f : X —> Y such that there exists 
another strongly stratum preserving map g : Y — ► X with both fog and go f homo- 
topic to the appropriate identity maps through strongly stratum preserving maps. 
It is shown that stratum-preserving homotopy equivalences induce isomorphisms in 
intersection cohomology. 

Notice that the existence of a homotopy equivalence between closed manifolds 
implies that the manifolds have the same dimension, so it is natural to impose a 
condition like strong stratum preserving on stratified homotopy equivalences. 

A smooth strongly stratified map lifts, as in [3 Prop. 3.2], to a smooth map 
between the resolutions of the stratified spaces / : X — > Y and will map each 
boundary face of X to a boundary face of Y. Hence it is a b-map (since its differen- 
tial preserves vector fields tangent to the boundary) and it necessarily sends fibers 
of a boundary fibration of X to fibers of a boundary fibration of Y (since it comes 
from a map of the bases of the fibrations). The latter implies that the induced map 
on vector fields preserves the bundle of vertical vector fields at each boundary face 
and so / (and hence /) induces maps 

/* : C°°{Y; i0 A*) -» C°°{X- ic A*), and /* : C°°{Y- : iic A*) -> C X (X: iic A*), 

though as on a closed manifold these do not necessarily induce bounded maps in 
L 2 . 
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5.3. Hilsum-Skandalis replacement on complete edge manifolds. Suppose 
X and Y are both manifolds with boundary and boundary fibrations 

Endow Y with a complete edge metric. Let Dp C e TY be the edge vector fields 
on Y with pointwise length bounded by 1, and let exp : Dp — > Y be the exponential 
map on Y with respect to the edge metric. The space Dp is itself an (open) edge 
manifold with boundary fibration </>b~ : <9Dp — > dY — > H y . Notice that exp is a 
b-map that sends fibers of (f>o- to fibers of <f> Y and hence induces a map 

exp* : e TDp -f e TY 

which is seen to be surjective. 

Let / : X — > Y be a smooth b-map that sends fibers of 4>^ to fibers of <py. 
Pulling-back the bundle Dp — > F to X gives a commutative diagram 

(5.1) fD f l^B f 

L / I 
x 

and we can use to construct the Hilsum-Skandalis replacement for pull-back by /. 
Namely, define e = exp : Dp — > Y, let T the pull-back by / of a Thorn form for 
Dp, and let 

(5.2) HS(f) = (^) t (TA/) :C°°(y; ic A*) -> C°°(X; io A*) 

with p = e o D(/). Observe, that p is a proper submersion and hence a fibration. 
Then, as above, HS(f) induces a map between the corresponding L 2 spaces. 

The generalization to manifolds with corners and iterated fibrations structures 
is straightforward: we just replace the edge tangent bundle with the iterated edge 
tangent bundle. Indeed, it is immediate that if Dp C 'TV is the set of iterated 
edge vector fields with pointwise length bounded by one the exponential map exp : 
Dp — > Y with respect to a (complete) iterated edge metric induces a map exp„ : 
lc TDp — > 1C TY. That this map is surjective can be checked locally and follows by a 
simple induction. Then given a smooth b-map / : X — > Y with the property that, 
whenever H £ Mi(X) is sent to K G M.-y(Y), the fibers of the fibration on H are 
sent to the fibers of the fibration on K, we end up with a map 

HS(f) : C°°{Y, io A*) -> C°°(X, ic A*) 

that induces a bounded map between the corresponding Lf c spaces. 
Next, recall that 

C°°(f j^A 1 ) = ppC°°(f j^A 1 ) 
where pp is a total boundary defining function for dY. Hence, if / : X — > Y induces 
/* : C°°{Y] ^A 1 ) -> C°°(X; ^A 1 ), it will also induce a map 

/* : C°°{Y; ^A 1 ) ^ C°°(X; ^A 1 ) 

if /*(pp) is divisible by p^. That is, we want / to map the boundary of X to the 
boundary of Y (a priori, it could map a boundary face of X onto all of Y). For 
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maps / coming from pre-stratified maps, this condition holds and hence the map 
HS(f) induces a bounded map between iterated incomplete edge L 2 spaces. Of 
course, once /* induces a map on Ile A x , it extends to a map on nc A*. 

5.4. Stratified homotopy invariance of the analytic signature class. Sup- 
pose we have a stratum-preserving smooth homotopy equivalance between stratified 
spaces / : X — > Y. Recall that X and Y denote the regular parts of X and Y, 
respectively. Recall the map r : Y — > BY and the flat bundle V" of finitely generated 
C*Y- modules over Y : 

V = C*T x r r*{ET). 

Notice that using the blowdown map Y — > Y, V induces a flat bundle, still denoted 
V" on Y , Consider V = f*V the corresponding flat bundle over X. We have a flat 
connection on V", Vy, over Y (and Y) and associated differential dy, and corre- 
sponding connection Vy and differential G?y on X (and X). It is straightforward to 
see that the Hilsum-Skandalis replacement of / constructed above extends to 

HS(f) : C°°(Y; iic A* ® V') -» C°°(A; iio A* <g> V) 

and induces a bounded operator between the corresponding I? spaces. 

We now explain how the rest of the argument of Hilsum-Skandalis extends to 
this context. 

Suppose (/t)o<t<i ■ X — > Y is a homotopy of stratum-preserving smooth ho- 
motopy equivalences, let Bp be as above. Assume that (e s ) < s <i : By — » Y is a 
homotopy of smooth maps such that, for any s <E [0, 1], p s = e s oD(/ s ) : /gB-p — > Y 
induces a surjective map on iie vector fields. Choose a smooth family of bundle 
isomorphisms (over X) A s : /*B y — ► /pOp (0 < s < 1) such that A = Id. Set 
% = A* s Tq where Tq is a Thorn form for the bundle /gBp — > X. Consider V be a 
flat unitary connection on V'. It induces an exterior derivative d\>i on the bundle 
A*T*Y ® V'. Choose a smooth family of CjT— bundle isomorphism C/ s from the 
bundle (p a o A^ 1 )*"^' -> / *B ? onto the bundle p^V' -> / *Bp such that U = Id. 
Implicit in the statement of the next Lemma is the fact that, for each s £ [0, 1], 
p s o A^ 1 induces a morphism from the space of sections of the bundle V — > Y on 
the space of sections of the bundle (p s a A~ 1 )*V — > /o*lDp. 

Lemma 5.1. Under the above hypotheses and notation, there exists a bounded 
operator T : i| e (F; iio A* ® V) -> L? io (/ *B y ; iic A* ® jjjV) swcA t/iai 

(Id ® C/i) o ( T A (pi o Ar x )* ) - (%A P * ) = p* (dv')T + Tdv- 

Proof. We follow Hilsum-Skandalis. Consider the map 

H : / *B ? x [0, 1] -» Y 

(x,s) -> H(x,s) = p s oAj 1 (x). 
Then the required map T is defined by, G L 2 ic {Y; iic A* ® V), 



T(a;) = 




□ 
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We need to see how this construction handles composition. Recall that given 
/ : X — > Y we are taking Bp to be the ie vectors over Y with length bounded by 

one, D(/) : /*Bp — > Bp the natural map (|5.1[) . e : Bp — ► y the exponential map, 
p=eo B(/), and T a Thorn form on /*Bp, and then 

HS(f)u= (7rjr)„(TAp*u). 

Now suppose X, y, and Z are manifolds with corners and iterated fibration 
structures, and 

are smooth b-maps that send boundary hypcrsurfaccs to boundary hypcrsurfaccs 
and the fibers of boundary fibrations to the fibers of boundary fibrations. Assume 
that the map r : X — > BT above is of the form r = n o / for a suitable map 
n : Z -> Br. We then get a flat C;r-bundle V" over Z (and Z) such that 
V' = f*V". Denoting the various 7r.'s by r's, we have the following diagram 




where p(C, £, r/) = (p'(C, £), v)i and, with T standing for a Thorn form, we define 

HS(f) : C°°(Z; ^A 1 ® V") -» C°°(y ; ^A 1 ® V'), 

FS(fc) : C°°(y ; "A 1 ® V) -» C°°(X; iie A x g> V) 

HS(f, h) : C°°(Z; ^A 1 ® V") C°°(A; "A 1 ® V), 

HS(f)(u) = (r )*(T T0 A/ U ), fTS(fc)(«) = (t 2 )*(T T2 A &/)*«) 

/»)(«) = r*(T T2 A (p)%, A (p")*«) 

Lemma 5.2. HS(f,h) = HS(h)oHS(f) and HS(f,h)- HS(f oh) = d v T + Td V " 
/or some bounded operator T. 

Proof. For simplicity, we give the proof only in the case T = {1}. Using the specific 
definitions of ri,p,p',To one checks easily that (ri)»p* = (p')*(ro)*. Therefore, 
(p)*T Tn is indeed a Thorn form associated with ti. Since p" = pop, one gets: 

= (r 2 )*(r 1 )*(r T2 Af(T Tl) Ap*)) 

Then replacing (ti)*j? by (p')*( T o)* one gets: 

HS(f,g) = (r 2 UT T2 A (pT((^),(T n A (p)*))) = HS(h)oHS(f). 
Next, notice that the maps 

{t;C,tv) ^exp /(cxpMc)(t5)) (77) 

are a homotopy between p" : (/ op'J'D^ — > Z and p : (f o h)*H^ — > Z within 
submersions. Hence we can use the previous lemma to guarantee the existence of 
T. □ 
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Instead of the usual L 2 inner product, we will consider the quadratic form 
Qx : C°°{X- iic A* <g> V) x C°°(X; iic A* <g V) -> C* r T 

Qx(u,v) = luAv* 
Jx 

and also the analogous Q Y , Qb 9 , Q/*d ? - Recall that any element of C°°(X; 11C A* <g> 
V) vanishes at the boundary of X so that is indeed well defined. (We point out 
that the corresponding quadratic form in Hilsum-Skandalis [141 page 87] is given 
by i\ u \( n ~\ u \)Q ~(u, v).) We denote the adjoint of an operator T with respect to 
(or Q Y ) by T". Thus, for instance, d' v = — dy. 

From Theorem 12.21 we know that the signature data on X defines an element 
of Kdimx(C*T) and similarly for the data on Y. Hilsum and Skandalis gave a 
criterion for proving that two classes are the same which we now employ. 

Proposition 5.3. Consider a stratum-preserving homotopy equivalence f : X — > 
Y, where dimX — n is even. Denote still by f the induced map X — > Y. The 
bounded operator 

HS(f) : L? ie (F; iic A* ® V') - L? ie (X; iic A* ® V) 

satisfies the following properties: 

a) HS(f)d v > =d v HS(f) and HS{f)(Domd v >) C Domdy 

b) HS(f) induces an isomorphism HS(f) : ker dy/3dy — * kerdy/^dy 

c) There is a bounded operator T on a Hilbert module associated to Y such 
that T(Domdy) C Domrfy and ld-HS(f)'HS(f) = d v >T + Td v , 

d) There is a bounded self-adjoint involution e on Y such that e(Domdv') Q 
Domdy'i which commutes with Id— HS(f)'HS(f) and anti-commutes with 
dv . 

Hence the signature data on X and Y define the same element of Kq(C*T). 
Proof. The final sentence follows from (a)-(d) and Lemma 2.1 in Hilsum-Skandalis 

In [T] we showed that the signature operator has a unique closed extension, it 
follows that so do dy and dy (see, e.g., [161 Proposition 11]). Since this domain is 
the minimal domain, as soon as we know that an operator is bounded in L? ie and 
commutes or anticommutes with these operators, we know that it preserves their 
domains. 

a) Since HS(f) is made up of pull-back, push-forward, and exterior multiplica- 
tion by a closed form, HS(f)dy> = d\>HS(f). 

b) From (a) we know that HS(f) induces a map ker dy/5dy — > kerdy/3dy. 
Let h denote a homotopy inverse of / and consider 

HS(h) : Lf ie (X; iio A* <g> V) Lf ie (Y; iio A* ® V')- 

We know from Lemma [5.21 that HS(f o h) and HS(h) o HS(f) induce the same 
map in cohomology and, from Lemma 15.11 that HS(f o h) induces the same map 
as the identity. Since the same is true for HS(f o h) we conclude that HS(h) and 
HS(f) are inverse maps in cohomology and hence each is an isomorphism. 

c) Recall that p : f*H> Y — > Y, being a proper submersion, is a fibration. Choose 
a Thorn form T for the fibration ir Y : 3 y — > Y so that U> Y (f)*T defines a Thorn 
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form for the fibration 7rj : /*By ~ * X. These two facts allow us to carry out the 
following computation, where u £ C°°(Y; iio A* <g> V) and v £ C°°(X; iio A* ® V). 

Q 5t {HS{f)u,v) = Q 5t ((^) t (D f (/)*TAA),«) 
= Q/.D P 0M/)*TAp*u,7r£t;) 

= (-i) n( " H,|) OrB ? (p , «,B ? (/rrAxi«) 

= (-l)«("-l-l)Q ? (u,p*(D ? (/)*T A 
Since ?i is even this shows that HS(f)'v = p»(By(/)*T A 7r~f) and hence 

HS(f)'HS(f)u = p*(B ? (/)*T A 4(7r^)*((B ? (/)*r Ap*«))). 
Next one checks easily that, for any differential form a> on B^, 

D ? (/)Vt(7r f ),w = 7r^(7r jf ).B ? (/)*w. 
and so, from the identity p* = Dy(/)*e*, 

HS(f)'HS(f)u = (e o D ? (/)),(D ? (/)*(f A 4(tt ? ),(T A e*u))). 

Now observe that By(/) : /*By — > By, being an homotopy equivalence of 
manifolds with corners, sends the relative fundamental class of /*By to the relative 
fundamental class of By and so 

Q/. D ? (©?(/)*«> = Q D? (a,/3). 

From this identity, the previous equation, and the fact that e induces a fibration, 
one checks easily that 

Qy(HS(fYHS(f)u, w) = Q ? (e*( T A tt*~ (tt ? )*(T A e*u)),u;) 

and hence 

HS{f)'HS(f)u = e»(TA 7i^(7r ? ),(f A e*u)). 
Finally, e is homotopic to n Y , and since 

(tt ? )*(T A7rt(7r ? ),(f Att|u)) = (tt ? )*(T A 7r~«) = u, 

Lemma EIU Id -HS(f)'HS(f) = d v ,T + Td V ' as required. 

d) It suffices to take ew = ( — □ 

Remark. Consider now the case of an odd dimensional Witt space X endowed 
with a conic iterated metric g and a reference map r : X — > BY. We have defined 
in Part I the higher signature index class Ind (9 s i gn ) £ KKi(C,C*T) ~ -K"i(C*r) 
associated to the twisted signature operator defined by the data (X,g,r). Recall 
that there is a suspension isomorphism S : Ki(C*T) <-> Kq(C*T <E> C(S 1 )) which is 
induced by taking the Kasparov product with the Dirac operator of S . Consider 
the even dimensional Witt space X x S 1 endowed with the obvious stratification 
and with the reference map 

r x Id s i :X x S 1 ^ B(T x Z) ~ BY x S 1 . 

As explained in [THl p. 624], §3-2], the suspension of the odd index class 
Ind(3 S i gn ) £ KKi(C,C*T) ~ K\(C*T) is equal to the even signature index class 
associated to the data (X x S 1 , g x (dd) 2 , r x Idgi). If now / : X — > Y is a stratified 
homotopy equivalence of odd dimensional Witt spaces, then / induces a stratified 
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homotopy equivalence from X x S 1 to Y x S 1 . By the previous Proposition the 
signature index classes of X x S 1 and Y x S 1 are the same. Then using the suspension 
isomorphism E, we deduce finally that the odd signature index classes associated 
to X and Y are the same. Thus, the (smooth) stratified homotopy invariance of 
the signature index class is established for Witt spaces of arbitrary dimension. 

6. Assembly map and stratified homotopy invariance of higher 

signatures 

Consider the assembly map (3 : K*(BT) — > K*(C*T). The rationally injectivity 
of this map is known as the strong Novikov conjecture for T. In the closed case it 
implies that the Novikov higher signatures are oriented homotopy invariants. The 
rational injectivity of the assembly map is still unsettled in general, although it 
is known to hold for large classes of discrete groups; for closed manifolds having 
these fundamental groups the higher signatures are thus homotopy invariants. The 
following is the main result of this second paper: 

Theorem 6.1. Let X be an oriented Witt space, r : X — > Btti(X) the classifying 
map for the universal cover, and let T := tti(X). If the assembly map K*(BT) — > 
K*(C*T) is rationally injective, then the Witt-Novikov higher signatures 

{< a,r*L*(X) >,a G H*(BT,Q)} 

are stratified homotopy invariants 

Proof. The proof proceeds in four steps and is directly inspired by Kasparov's proof 
in the closed case, see for example [T7] and the references therein : 

(1) Consider (X',r' : X' -> BY) and (X,r : X -> BT), with r = r' o / 
and / : X — * X' a stratified homotopy equivalence between (smoothly 
stratified) oriented Witt spaces. Denote by cV ign the twisted signature 
operator associated to (X',r' : X' — > BT). We have proved that 

Ind(B sign ) = Ind^) in K*(C*T) ® Q. 

(2) We know that the assembly map sends r*[3 s i gn ] € K^(BT) to the Witt 
index class Ind(S s i gn ). More explicitly: 

/3(M3 sign ]) = Ind(g sign ) in K*(C* r T)®Q 

(3) We deduce from the assumed rational injectivity of the assembly map that 

r*[S sig n] = (rO.piigJ in K.(BT)®Q. 

(4) Since we know from Cheeger/Moscovici-Wu that Ch*(r st [3 S ig n ]) = r*(L*(X)) 
in H*(BT,Q) wc finally get that 

r,(L,(X)) = (r')*(L*(X')) in H.(BT,Q) 



which obviously implies the stratified homotopy invariance of the higher 
signatures {< a,r^L^(X) >,a £ H*(BT,Q)}. 

□ 
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Examples of discrete groups for which the assembly map is rational injective 
include: amenable groups, discrete subgroups of Lie groups with a finite number of 
connected components, Gromov hyperbolic groups, discrete groups acting properly 
on bolic spaces, countable subgroups of GL(K) for K a field. 

7. The symmetric signature on Witt spaces 

7.1. The symmetric signature in the closed case. Let X be a closed ori- 
entablc manifold and let r : X — > BT be a classifying map for the universal 
cover. The symmetric signature of Mishchenko, a(X,r), is a purely topological 
object [22] . In its most sophisticated presentation, it is an element in the L-theory 
groups _L*(Zr). In general one can define the symmetric signature of any alge- 
braic Poincare complex, i.e. a cochain complex of finitely generated ZP-modules 
satisfying a kind of Poincare duality. The Mishchenko symmetric signature cor- 
responds to the choice of the Poincare complex defined by the cochains on the 
universal cover. In the treatment of the Novikov conjecture one is in fact inter- 
ested in a less sophisticated invariant, namely the image of a(X,r) £ L*(ZT) 
under the natural map (3z '■ L*(ZT) — > L*(C*T). Recall also that there is a 
natural isomorphism v : L*(C*T) — ► K*(C*T) (which is in fact valid for any 
C*-algebra). The C*-algebraic symmetric signature is, by definition, the element 
a c , r {X,r) := p(/3 z (a(X,r))] thus cr c;r (A, r) 6 K*(C*T). The following result, due 
to Mishchenko and Kasparov, generalizes the equality between the numeric index 
of the signature operator and the topological signature. With the usual notation: 

(7.1) Ind(g sign ) = a a?T {X,r) e K»(C*T) 

As a Corollary we see that the signature index class is a homotopy invariant; this 
is the topological approach to the homotopy invariance of the signature index class 
that we have mentioned in the introductory remarks in Section O The equality of 
the C*-algebraic symmetric signature with the signature index class (formula (|7.ip 
above) can be restated as saying that the following diagram is commutative 

^ I' H 

L*(zr) fe ; l*{c;t). 

where i = * mod 2. 

7.2. The symmetric signature on Witt spaces. The middle perversity in- 
tersection homology groups of a Witt space do satisfy Poincare duality over the 
rationals. Thus, it is natural to expect that for a Witt space X endowed with a 
reference map r : X — > BT it should be possible to define a symmetric signature 
Oq^ 1 '* (X, r) £ L*(Qr). And indeed, the definition of symmetric signature in the 
Witt context, together with its expected properties, such as Witt bordism invari- 
ance, docs appear in the literature, see for example [30] ; [SI]- 

However, no rigorous account of this definition has appeared so far, which is 
unfortunate given that things are somewhat more complicated than in the smooth 
case. First of all, in the first paper of Goresky-MacPhcrson [12] the intersection 
product is not defined at the level of intersection chains; one needs to pass to 
intersection homology. This means that we cannot reproduce the definition of 
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Mishchenko. Note, incidentally, that Greg Friedman has recently written an in- 
teresting article [H] on the chain-level description of the intersection product in 
intersection homology. This is based on previous work of Jim McClure and might 
very well allow for a rigorous definition, a la Mishchenko, of the symmetric signature 
in the Witt context. 

The Poincare duality isomorphism for intersection homology was given a fresh 
treatment in the second paper of Goresky-MacPhcrson [13]. One could hope to 
use the self-duality of the intersection chain sheaf in order to induce a structure of 
Algebraic Poincare Complex on the geometric intersection chain complex. In other 
words, the Algebraic Poincare Complex structure is given first to the complex of 
global sections of the sheaf and then pulled back to the actual geometric intersection 
chain complex (defined by a good triangulation) using suitable chain homotopies. 
This is probably the idea which is behind the above references. Now, even this ap- 
proach, although intuitively clear, needs careful explanation. The problem is, first 
of all, that by going to sheaves and their global sections, we lose the finitely gener- 
ated projective property of our modules. Second, and more importantly, all of |13j 
takes place in the derived category, and the existence of explicit chain homotopies 
from the sheaf-picture to the geometric-picture, is far from being obvious. 

Summarizing: the existence of an explicit structure of Algebraic Poincare Com- 
plex on the geometric intersection chain complex with values in the local system 
defined by the Mishchenko bundle r*ET Xp <QF does not seem to be obvious. 

Fortunately, in a recent paper Markus Banagl [3l has given an alternative def- 
inition of the symmetric signature on Witt spaced using surgery techniques as 
well as previous results of Eppelmann [9] . Banagl's symmetric signature is an ele- 
ment <TQ^ Itt (X,r) G L*(Qr); we refer directly to Banagl's interesting article for the 
definition and only point out that directly from his construction we can conclude 
that 

• the symmetric signature Oq^ iU (A, r) is equal to (the rational) Mishchenko's 

symmetric signature if X is a closed compact manifold; 

• the Witt symmetric signature is a Witt bordism invariant; it defines a group 
homomorphism cr witt : Q™ itt (BT) -> L*(QT). 

On the other hand, it is not known whether Banagl's symmetric signature 
Oqp tt (X, r) is a stratified homotopy invariant. 

We define the C*-algcbraic Witt symmetric signature as the image of Oq ltt (X, r) 
under the composite 

l*(qt) % l*(c;t) ^ k*(c;t) . 

We denote the C* -algebraic Witt symmetric signature by a w J tt (X,r). 

7.3. Rational equality of the Witt symmetric signature and of the sig- 
nature index class. Our most general goal would be to prove that there is a 



Banagl actually concentrates on the more restrictive class of IP spaces, for which an integral 
symmetric signature, i.e. an element in L*(ZT), exists; it is easy to realize that his construction 
can be given for the larger class of Witt spaces, producing, however, an element in L*(Qr). 
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commutative diagram 
(7.3) | CT v 



or, in formula; 



l*(qt) - > L*(c;r). 



a™"(X,r)=Ind(g sign ) in *Q(C r *r) 



with Ind(9 S i gn ) the signature index class decribed in our first paper. We shall be 
happy with a little less, namely the rational equality. 

Proposition 7.1. Let <j^t^(X, r)q and Ind(9 S i gn )Q be the rational classes, in the 
rationalized K-group Ki(C*T) (£>Q, defined by the Witt symmetric signature and by 
the signature index class. Then 

(7.4) ( 7^ t (X,r) Q = Ind(§ sign ) Q m *Q(C r *r)®Q 

Proof. We already know from [3] that the rationalized symmetric signature defines 
a homomorphism from (0^ vitt (Br))Q to K l (C*T) <g> Q. However, it also clearly 
defines a homomorphism (^^"^(Br))^ — > Ki(C*T) ® Q, exactly as the signature 
index class. For notational convenience, let I : (0T tM (5r))Q -> Ki(C*T) ® Q be 
the (Witt) signature index morphism; let X' : (af iu ' s (Br))Q -> A" 4 ((7;r) ® Q be 
the (Witt) symmetric signature morphism. We want to show that 

1 = 2' . 

We know from Proposition 13.31 that the natural map f^°(£?r) — > 17^ Vltt ' s (i?r) 
induces a rational surjection 

a:(Of°(Br)) Q ^(Qr tM (Br)) Q . 

In words, a smoothly stratified Witt space X with reference map r : X — > Br is 
smoothly stratified Witt bordant to fc-copies of a closed oriented compact manifold 
M with reference map p : M — > BY. Moreover, we remark that the Witt index 
classes and the Witt symmetric signature of an oriented closed compact manifold 
coincide with the classic signature index class and the Mishchenko symmetric sig- 
nature. Then 

I([X,r])=l(k[M,p})=l'(k[M,p])=l'([X,r}) 

with the first and third equality following from the above remark and the second 
equality obtained using the fundamental result of Kasparov and Mishchenko on 
closed manifolds. The proof is complete. □ 



The above Proposition together with Proposition l5.3l implics at once the following 
result: 

Corollary 7.2. The C* -algebraic symmetric signature defined by Banagl is a ra- 
tional stratified homotopy invariant. 



This Corollary does not seem to be obvious from a purely topological point of 
view. 
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8. Epilogue 

Let X be an orientablc Witt pseudomanifold with fundamental group T. We 
endow the regular part of X with an iterated conic metric g. Let X' be a Galois 
T-covering and r : X — » BY a classifying map for X'. We now restate once more 
the signature package for the pair [X, r : X — > BY) indicating precisely where the 
individual items have been established in our two papers. 

(1) The signature operator defined by the iterated conic metric g with val- 
ues in the Mischenko bundle r*EY Xp C*Y defines a signature index class 
Ind(g sign ) G K*{C* r Y), * = dimX mod 2. 

This was established in Theorem 7. 6 of Part I. 

(2) The signature index class is a (smooth) Witt bordism invariant; more pre- 
cisely it defines a group homomorphism SI* 1 ' S (BY) — > K*(C*Y) <8> Q. 
This is Theorem \3.1\ in this paper, together with (|3.2[) . 

(3) The signature index class is a stratified homotopy invariant. 
This is Proposition \5.3\ in this paper. 

(4) There is a K-homology signature class [3 S ign] G K*(X) whose Chern char- 
acter is, rationally, the homology L-Class of Goresky-MacPherson. 

This is Theorem 7.2 in Part I and Theorem \4-.l\ of this paper. 

(5) The assembly map (3 : K*(BY) — ► K*(C*Y) sends the class resign] into 
Ind(§ sign ). 

This is Corollary 7. 7 in Part I. 

(6) If the assembly map is rationally injective one can deduce from the above 
results the homotopy invariance of the Witt-Novikov higher signatures. 
This is Theorem I6.il in this paper. 

(7) There is a topologically defined C*-algebraic symmetric signature Oq*p (X, r) 

G K*(C*Y) which is equal to the analytic index class Ind(3 s i gn ) rationally. 
This is Banagl's construction together with our Proposition ^! '. 1\ in this pa- 
per. 
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